Space transportation systems have recently become an active area of development all over the world. Future reusable space transportation systems must possess good stability performance to compensate for the variations in flight conditions. One of the key technologies used for the development of a high performance controller for nonlinear dynamics systems is a dynamic inversion that transforms a nonlinear system into a linear one with pseudo inputs and outputs. It is quite an effective method to control nonlinear systems, and justifies the reason why many advanced aerospace vehicles employ a dynamic inversion controller. In this paper, vector analysis, state trajectory, Lyapunov exponent, and time series analyses results of the Proportional-Derivative (PD) and Dynamic Inversion (DI) control laws will be compared. 
Introduction
Many researchers have been studying the dynamic inversion (DI) theory and its application to nonlinear systems. Brinker et al. evaluated the robustness of the DI control law for aircrafts. 1) Ochi and Kanai studied flight control systems using feedback linearization. 2) However, it is very difficult the stability analysis of a nonlinear system. Therefore, most conventional research evaluates flight simulation results or linear stability analyses with a short-period model based on linearized motion equations. 3, 4) The flight simulation results are meaningful, but they cannot ensure rigorous stability. Since very little research has focused on the stability of DI, it is important to study the stability of the DI control law on a nonlinear system.
The DI theory has an observed, characteristic quantity, and a control quantity that are pseudo-linearized. Therefore, it is possible to express the state diagram of observables by vector analysis. Since vector analysis represents a state transition in a graphical manner, it is easy to understand the effectiveness of the DI theory. However, it is difficult to visualize the status of more than three dimensions. A vector analysis is limited to the visual representation of variables. One of the most famous stability analysis of nonlinear controller is the Lyapunov function. 5, 6) Stability is evaluated by examining the rate of change of the potential energy around the equilibrium point. However, the Lyapunov stability analysis needs a defined Lyapunov function in an area near the equilibrium point. Therefore, it is difficult to utilize the Lyapunov method for the aircraft whose equilibrium point changes. In addition, if the system is locally stable, local linear analysis can be employed without the use of a Lyapunov function. [7] [8] [9] Therefore, a Lyapunov exponent index is needed to assess the global stability of the function. In a dynamic system, the spectrum of Lyapunov exponents plays a very important role in the determination on whether a system is unstable or not. Any system containing at least one positive Lyapunov exponent is defined to be unstable. 10) One important property is that the sum of Lyapunov exponents is related to the generalized divergence of the flow of the system. In a mechanical system, damping is related to the energy dissipation. Thus, the sum of Lyapunov exponents must be related to the damping of a mechanical system and can be utilized to monitor any damping changes in the system. This paper addresses this stability analysis method and its results, and discusses its applicability to a winged rocket. Section 2 is the introduction of the winged rocket model and its dynamics. Section 3 is the explanation of the simple DI theory. In Section 4, the method of stability analysis is explained, including the transfer function and state equation. The authors also discuss the basic characteristics of the DI theory along with an explanation of the Lyapunov exponents. Section 5 reports the results of the stability analyses (vector, trajectory, time series, Lyapunov exponent analysis) performed based on the PD control law and the DI control law. Finally, the authors summarize their conclusions and plans for future works. The authors are developing a subscale, experimental winged rocket 11, 12) called the WInged REusable Sounding rocket #015 (WIRES#015) whose objective is the demonstration of an operational navigation, guidance and control (NGC) system, for the vehicle using elevons and rudders to control its attitude. Figure 1 shows the overview of WIRES#015. The aerodynamic design of the structure employs the shape of the HIghly Maneuverable Experimental Space vehicle (HIMES) that was designed by the Japan Aerospace Exploration Agency/the Institute of Space and Astronautical Science (JAXA/ISAS) in the 1980's. Table 1 shows the specification of WIRES#015. In this section, the dynamics of the winged rocket are explained. First, the winged rocket body coordinates are set as shown in Fig. 2 . The winged rocket has nonlinear dynamics when in a flight environment, and the rocket longitudinal dynamics of the model are thus expressed by Eqs. (1)- (6).
Winged Rocket Dynamics
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where x is the state vector of the longitudinal, and Eq. (1) expresses a nonlinear affine system.
Dynamic Inversion
Dynamic inversion is a well-established branch of study in control theory that performs a linearization of the input and output variables by the n number of derivatives with respect to the observables in the DI theory. Therefore, it is possible to pseudo-linearize nonlinear state equations.
Dynamic inversion of SISO system
Nonlinear dynamics are generally expressed by the following equations [Eqs. (7) and (8)]:
Assuming that the system has relative degree n, and the new state z is defined as follows:
where L f is the Lie derivative. For the functions
, it follows that if n R x , and a recursive use is applied with
where
If there is an input command u and the observer quantity y is the n th derivative, the feedback control law can be expressed as follows:
where  is the pseudo input in this system. The designed property and the stability control law stabilize the observer variables.
Dynamic inversion of the aircraft
Longitudinal aerodynamic models can be applied to the Single-input Single-output (SISO) system, so the control input is expressed as follows. The observer of the longitudinal model is defined in terms of the angle of attack [Eq.  
where   x J is the Jacobian of the model dynamics.
 x 
and the transfer functions for the angle of attack is,
The gain was designated as . Therefore, in the case of the DI theory, the natural frequency of the angle of attack becomes equal to 1.414 and the damping ratio becomes equal to 0.884.
State equation
Observation quantities converge when the pseudo inputs are stable. However, in the case of a nonlinear system, it is difficult to represent the entire system with a transfer function. The feedback control law of DI is expressed using the Jacobian component expressed by the following equation:
The purpose of the DI is to pseudo-linearize the relationship between the control inputs and control outputs. Therefore, the dynamic characteristics of the aircraft do not impose any longer an effect in relation to this formula. However, state equations using the DI theory have nonlinear terms, so the state quantities (other than the controlled object) are also nonlinear. Therefore, it is necessary to analyze their motions.
Lyapunov exponents
The continuous time, n-dimensional, autonomous, dynamic system is given by x(t0)=x0, x(t) ∊R of the ellipsoid. 13) Herein,  
where λi ranges from the largest to the smallest value. The Lyapunov exponents defined in Eq. (24) are not very helpful for the computation because it is impossible to average infinitely. Thus, the Lyapunov exponent may be estimated, and becomes a function of time or a function of the number of iterations.
Stability Analysis Results
Herein, the authors present the results of the vector analysis, Liapunov analysis, state trajectory, and time response analyses. Moreover, the authors used the PD control law in order to qualitatively compare the results. The PD control law is expressed the following equation [Eq. (25)].
K is gain of angle of attack,   K is gain of attack angular velocity, and δ e trim is trim of elevator. The authors confirmed that it is stable by the linearization system, because the gain is sufficient for a qualitative assessment. α com is the reference of the angle of attack.
Vector analysis
Vector analysis is a method of visually analyzing a state transition. Using vector analysis, the effectiveness of the DI theory becomes evident. However, it is necessary to perform a complex vector analysis due to nonlinear rocket dynamics. However, if it utilizes the DI theory for a nonlinear system, it is possible to analyze the observed quantity. Figure 3 shows the vector diagram of the angle of attack by a DI control system. In accordance to Fig. 3 , it can be deduced that the DI theory converges to the target value (target is 12 ° ≈ 0.2094 rad). Figures 4-11 show the Lyapunov exponents of various parameters using the PD and DI control laws. Any system containing at least one positive Lyapunov exponent is defined to be unstable. Based on these results, it can be deduced that this system is stable.
Lyapunov analysis
State trajectory
For a more thorough analysis, the state trajectory elicited a random value for the initial point, yet still converged to the equilibrium point. State trajectories can result in converging orbits of some parameters. For this reason the authors confirmed the trajectory of angle of attack, pitch angle, and velocity. State ranges listed randomly are shown in Table 2 . 
[°] Figure 12 shows the state trajectory of the PD control law, and Figs. 13-16 show the state of phase plots for various parameters using PD control. In addition, Fig. 17 shows the state trajectory of the DI control law, and Figs. 18-21 show the state of phase plots for various parameters using DI control. The results converge to the equilibrium point, indicating a stable system. -Equilibrium line -Trajectory ・ Reference Figures 22-26 , and Figs. 27-31 show the time series analyses of the PD and DI control laws. These results indicate a temporal convergence. Figure 18 shows the elevator command of PD. The result of Fig. 23 plays an important role in order to evaluate whether it is a realistically possible control command. Table 3 shows the initial state of the time response. 
Time response
Discussions
The following results represent the difference between the PD and DI control laws of nonlinear systems. Comparing Fig.  12 of the PD control law and Fig. 17 of the DI control law, the PD control law displays complex vibration, but the DI control law converges with minimal vibration. This observation is justified by the corresponding phase plots. All of the phase plots of the PD control law tend to converge in a spiral. In contrast, the DI control law's angle of attack converges very quickly and becomes constant, whereas the velocity, pitch angle, and pitching angular velocity converge in a spiral briefly before becoming constant. All of the Lyapunov exponents have shown sensitivity with respect to the initial conditions, even though the sum of all Lyapunov exponents is negative, leading to the expectation that all state variables should have converged uniquely. Based on the time response results, the PD control law exhibits a peculiar vibration response. On the other hand, the DI control law only accounts for phugoid motion and a second order-lag response in regard to the angle of attack. Considering the convergence rate over time, the DI control of the angle of attack converges faster than the PD control, even though other variables converge in time in the same manner as in the case of use of the PD control law.
Conclusion
Based on the analyses results, both the PD control law and the DI control laws have been shown to be stable in their finite states ( Table 2 ). The DI control law was found to be better for use in a dedicated system controlling the angle of attack since convergence is fast. The PD control law, however, established equilibrium in all states using a spiral pattern.
Based on these results, the authors are currently researching the mechanism of convergence. In addition, the authors are exploring ways of improving the DI control system for an adaptive reference model.
